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a b s t r a c t
The boundary layer flow of a second grade fluid over a permeable stretching surface with
arbitrary velocity and appropriatewall transpiration is investigated. The fluid is electrically
conducting in the presence of a constant applied magnetic field. An exact solution to the
nonlinear flow problem is presented.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Interest in the boundary layer flows over a stretching surface has increased substantially during the last few years due
to its several industrial applications. Extensive research on this topic has been undertaken since the pioneering work of
Sakiadis [1] (flow over a uniformly moving continuous surface). Crane [2] obtained an exact analytical solution for the
boundary layer flow when the stretching velocity is proportional to the distance from the origin. For more details, we
refer the papers [3–9] and various references given therein. Each of these is observed for specific wall stretching velocity.
Weidman and Magyari [10] are the first to find an exact solution for the viscous flow induced by the arbitrary stretching
sheet. The analysis of [10] is extended to a micropolar fluid by Magyari and Kumaran [11]. Fang and Zhong [12] considered
the viscous flow over a shrinking surface with arbitrary velocity.
In this note, we construct the exact solution for the flow of a non-Newtonian fluid over a stretching surfacewith arbitrary
velocity and appropriate wall transpiration. The solution for arbitrary stretching velocity is systematically built (as in [10])
with the help of linear, quadratic and polynomial stretchings. Mathematical formulation of the problem is based on the
constitutive equation of the second grade fluid. Generalized expressions for velocity field and skin friction are obtained.
Variations of the embedded flow parameters are discussed and significant observations are presented in the concluding
section.
2. Generalized stretching solution
The non-dimensional boundary layer equations for the flow of a second grade fluid over a stretching sheet subject to a
transverse magnetic field with appropriate boundary conditions are
∂u
∂x
+ ∂v
∂y
= 0, (1)
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∂y2
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[
∂
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
u
∂2u
∂y2

+ ∂u
∂y
∂2v
∂y2
+ v ∂
3u
∂y3
]
−M.u, (2)
u(x, 0) = uw(x),
v(x, 0) = vw(x), (3)
u(x,∞) = 0
where K = α1
ρL2
is the second grade parameter,M = LσB2ouoρ is dimensionless magnetic parameter and uw(x) and vw(x) are the
stretching and transpiration velocities of the sheet respectively.
(a) We first consider that the sheet is stretched with linear velocity uw(x) = Aox having no transpiration velocity
vw(x) = 0. Defining stream function as
ψ(x, y) = xf (y), (4)
and choosing Ao =1, Eqs. (1)–(3) are written as
f ′′′ + ff ′′ − f ′2 + K(2f ′f ′′′ − f ′′2 − ff (iv))−Mf ′ = 0 (5)
f (0) = 0, f ′(0) = 1, f ′(∞) = 0. (6)
This problem corresponds to the one discussed by Lui [9] and the solution is given by
f (y) = 1
m
(1− e−my), (7)
wherem =

1+M
1+K . Thus the velocity components and the skin friction become
u = xe−my,
v = 1
m
(−1+ e−my) (8)∂u∂y

y=0
= mx (9)
(b) In case of quadratic polynomial uw(x) = x+ A1x2, (A1 is a given dimensional constant). Taking
Ψ (x, y) = xf (y)+ B1x2f ′(y), (10)
Eq. (2) yields
2B2[(f ′′)2 − f ′f ′′ + K((f ′′′)2 − 2f ′′f (iv) + f ′f (v))]x3 + B[f ′f ′′ − K(f ′f (iv) − ff (v) − ff ′′′ − f (iv))+Mf ′′]x2
+ [(f ′)2 − f ′′′ − ff ′′ − K(2f ′f ′′′ − ff (iv) − (f ′′)2)+Mf ′]x = 0. (11)
The function
f (y) = 1
m
(1− e−my), (12)
is found to satisfy Eq. (11). Expressions of the velocity components (u, v) can now be given as
u = x− B1mx2 e−my,
v = − 1
m
+ 1
m
e−my − 2B1xe−my.
(13)
Using the boundary conditions (3) B1 = − A1m . It is important to note that the solution given in Eq. (13) is only realized for
permeable surface with lateral transpiration velocity distribution
vw(x) = 2A1m x. (14)
The magnitude of the skin friction in this case takes the form∂u∂y

y=0
= m x+ A1x2 (15)
(c) A similar analysis for the general polynomial stretching velocity of degree n
uw(x) = x+
n−1
i=1
Aixi+1, n = 2, 3, 4, . . . , (16)
A. Ahmad, S. Asghar / Applied Mathematics Letters 24 (2011) 1905–1909 1907
Fig. 1. Velocity profile for quadratic stretching K = 1 and x = 1.
suggests the following form of the stream function
Ψ (x, y) = xf (y)+
n−1
i=1
Bixi+1f (i)(y), f (i) = d
if
dyi
. (17)
Making using of Eq. (17) in Eq. (2), the solution of the resulting equation is once again given by Eq. (7). The boundary
conditions imply that Bi = (−1)i+1 Aimi , i = 1, 2, 3, . . . and the final form of the velocity components and transpiration
velocity are
u =

x+
n−1
i=1
Aixi+1

e−my = uw(x)e−my, (18)
v = − 1
m
+ 1
m

1+
n−1
i=1
(i+ 1)Aixi

e−my = − 1
m
+ 1
m
duw
dx
e−my, (19)
vw =
n−1
i=1
Ai
m
(i+ 1)xi = − 1
m
+ 1
m
duw
dx
(20)
Thus forms (18)–(19) leads us to the generalization
u = uw(x)e−my, (21)
v = − 1
m
+ 1
m
duw
dx
e−my, (22)
vw(x) = − 1m

1− duw
dx

(23)∂u∂y

y=0
= muw(x). (24)
It is clearly necessary to note that the generalizations given by Eqs. (21)–(24) can be applied to arbitrary stretching velocity
with the corresponding transpiration velocity.
3. Conclusions
This study deals with the steady flow of a second grade fluid over a permeable surface with arbitrary stretching velocity.
Various forms of stretching velocity are considered and exact solutions are derived for appropriate wall transpiration.
Figs. 1 and 2 show that the viscoelasticity of the fluid increases the momentum boundary layer thickness, while the
magnetic field decreases the thickness of boundary layer. Fig. 3 shows that the skin friction increases with the increase in
magnetic parameterM and decrease with the increase in viscoelastic parameter K .
The main observations can be formalized as:
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Fig. 2. Velocity profile for quadratic stretchingMn = 1 and x = 1.
Fig. 3. Skin friction for quadratic stretching and x = 1.
• The ratio of dimensionless main stream velocity component and the arbitrary stretching velocity yield an exponentially
decreasing function i.e.
u(x, y)
uw(x)
= e−my, (m > 0).
• The velocity profile for all stretching velocities strongly depends upon the viscoelastic parameter K and the magnetic
parameterM .
• The viscoelastic parameter K decreases the skin friction, while the magnetic field increases the skin friction.
• The results for linear, polynomial, exponential and periodic stretching velocities can be obtained directly from Eqs. (21)–
(24).
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